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Abstract
It is shown that some analog of the “second quantization” exists in the
framework of CP (N) theory. I analyse conditions under that “geometrical
bosons” may be identified with real physical fields. The compact character
of a state manifold should preserve the quantities of dynamical variables from
divergences.
1 Introduction
Quantum field theory (QFT) is now the basis of our knowlege about microscopical
dynamical processes. The essential part of the apparatus of this theory is the “second
quantization” method (SQM) developed by Dirac [1, 2]. This approach is so powerful
and prolific that can not be overestimated [3, 4]. Notwithstanding there are limits
for both general foundations of standard QFT and SQM as well. These difficulties
were subjected to analysis by numerous authores (see [5] and citetions therein). Three
directions of Dirac’s attempts to overcome these obstacles are interesting for us. These
are:
a) Attempts to avoid divergences by using Heisenberg pictures [2];
b) The costruction of extended model of an electron [6];
c) Efforts to obtaine Coulomb ineraction between charges without interaction term
[7].
Here I will discuss only introduction of “geometrical bosons” in association with
the direction a).
I would like to emphasize two fundamental assumptions which lie in the basis of
Dirac approach. They are the flat (and fixed) character of spacetime structure and
the method of classical analogy [1, 2]. The second one leads to well known form of
free quantum Hamiltonians for electromagnetic field and electrons, and for the energy
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operator of interaction between them. The first assumption seems to be absolutely
natural when we are enough far from the problem of quantum gravity. But as it
has been emphasized by Dirac, the quantum electrodynamics can not be consistent
theory because at short distances there are processes of creation and annihilation of
new kinds of quantum particles [2]. For such particles we, of course, have not classical
analogy and, therefore, one has not a correct Hamiltonian for interacting fields just
in the dangerous area of our theory. Futhermore, spacetime description of the deep
inelastic processes requires dynamical treatment of spacetime structure [8].
In order to understand the root of problem it will be convenient to returne to
the regularization procedure in the framework of Dirac approach [2]. Here I will
preserve Dirac’s notations. The second order equation for operator-value state in the
representation of interaction is as follows
i
∂K∗2
∂t
=
e2
π
∑
n
ψn{Yni + Zni}ei(En−Ei)t + Add.terms, (1.1)
where Yni, for example, is expressed by the formula
Yni = (4π)
−1
∫
< n|αµei(kx) ν + (E/|E|)|k|+ ν(En − Ei)e
−i(kx)αµ|i > d
3k
|k| . (1.2)
This expression is subjected to some of the methods of regularization which have
been discussed by Dirac in detailes. Let me to point out some weak points of this
approach besides that what was mentioned by Dirac:
A.Only for enough large regularization parameter g differences between results of
regularization do not depend on g.
B.One needs a local (in time) vacuum state vector.
Dirac has assumed that a state vector more or less closed to ordinary Schro¨dinger
state vector does not exist at all because it does not belong to any Hilbert space at
each instant of time. I think that there exists some state vector as a tangent
vector to some smooth manifold which (vector) creeps along this curved
state space and, therefore, belongs to different tangent Hilbert spaces at
each instant of time. That is a quantum interaction (like in general relativity (GR))
connected with a curvature, but with the curvature of a state space, not spacetime.
In order to take into account all possible kinds of interactions one should use the
general properties of quantum interaction. In the framework of the unitary quantum
dynamics and the concept of the deformation of quantum states the most natural
structure of the interaction is the coset structure SU(N + 1)/S[U(1) × U(N)] [8].
Therefore the simplest model of such generalized quantum interaction is represented
by the internal dynamics in CP (N) [8, 9, 10, 11, 12]. The question is: does this
model contain interaction which may be identified with real physical interactions and
what is the positive the role of the compactness of CP (N)?
2
2 Absolute Space of Conserved Quantities
Dirac used in (1.1) ψn as
ψn =
∫
< n|xa > ψaxd3x, (2.1)
where < n|xa > is eigenfunction of the equation
[αr(−i ∂
∂xr
+ eAr) + αmm− eA0]ab < xb|n >= En < xa|n > . (2.2)
Here Dirac assumed that ψn are so-called q-numbers which obeys anticommutation
relations since he delt with fermions. This step leads to singular functions and we
should try to avoid such “forcible” quantization and to work with invariant (geomet-
rical) properties of the state space.
Hereafter we will assume that our Ψn are ordinary c-numbers describing entangle-
ment of all possible degrees of freedom and all real physical states correspond to the
variations of relative local coordinates (2.9). The realization of a nonlinear version of
quantum field theory requires an essentially new costruction of the both state space
and spacetime [8, 11, 12]. Let us begin with the construction of the state space. Dur-
ing this reconstruction we should preserve all robust propertias of the standard QFT
models which we have in the relativistic QFT of free fields [3, 4]. It is well known
just the switching of interactions leads to major difficulties. I think that geometrical
model of interaction which has been mentioned above demands unification relativity
and quantum theory in a totally non-standard manner.
In this model we will assume that there is absolute space of conserved quantities
(ASCQ) which is (from the mathematical point of view) the Fock’s Hilbert space
which is constructed with help of [0]-multitude by the action on the vacuum vector
|V > [4]. But one can not interpret this Fock space in the ordinary sense as the space
of state of “particles”. All quantum particles are dynamical systems. But ASCQ is
only “reservoir of conserved quantities” (or “charges”) and it has not a dynamical
content. It serves merely for the enumeration of “charges” and, therefore, helps us to
choose initial conditions and identification of symmetries of “elementary particles”.
For instance quarks are not particles as some isolated entities. In this space there
is a vacuum state which does not contain any conserved quantities. This is the
state |V >= |0, ..., 0, ... > with zero occupation numbers for any conserved “charge”.
In that sense the vacuum is “the universal breakdown of conservation lawes, i.e.
interaction (or maybe “chaos”) in a pure form”. We will assume that the modulus
of the vacuum state is defined by the formula < V |V >= R2vac and the radius Rvac
connected with some fundamental interaction constant (e.g. fine structure constant
α = e
2
h¯c
). Then creation from the vacuum state some conserving “charge” (or some
self-consistend set of “charges”, i.e. particle) leads to the existence of conservation
lawes. There are two kinds of perturbation of the vacuum state:
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a) Unitary perturbations which generated coherent states by transformation from
the coset manifold G/H = SU(N + 1)/S[U(1)× U(N)]:
b) Non-unitary multifold creation of identical quantum particles in different points
of spacetime.
Pursuing to understand b) from the point of view of a) we will assume that it is
possible in the tangent fiber bundle over projective Hilbert space CP (N). The struc-
ture of each tangent space is isomorphic to Fock’s Hilbert space. This isomprphism
is in fact a simple, but it needs a clarification.
In some sense ASCQ is like absolute Newtonian space and time where “in” and
”out” free fields have a physical sense. In this space “external” field has physical
meaning as well; frequences of oscillations in these “external” fields, wave vectors,
masses of “elementary particles” etc., are presented. In ASCQ there is the universal
“world time” of Stu¨eckelberg-Horwitz-Piron (see [13] and citation therein) in the sense
of the omnipresence of the coinsidence of the periods of physically identical
quantum processes. The problem is to calculate this “world time” from the first
principles. But it is impossible in the framework of free fields model and one should
go toward interacting fields.
I would like to emphasize that as the kinematical comparison of periods in
moving frames in special relativity destroys the “independence” of periods
(absolute Newtonian time) as a dynamical “comparison” (an interaction)
destroys independence of dynamical variables in different quantum setup.
Our aim is to find the geometric origin of this mutual influance.
Let us introduce the separable Fock space
H = {|Ψ >=
∞∑
a
Ψa|a >;
∞∑
a
|Ψa|2 <∞}, (2.3)
(here our |a > is identical with ξa [4]). We will use a density submanifold
D = {
N∑
a=0
Ψa|a >;N = N1 + ... +Np <∞}, (2.4)
where p is the numbers of kinds of the “charges”. In order to avoid difficulties
with the Dirac problem of divergences a), which mathematically are reflected by
the existance of the unitary nonequivalent representations of commutation relations
(see [4] and citations therein), we will use the compact projective space CP (N)
by the compactification of Fock’s Hilbert space H. We will assume that there is
the “sphere of vacuum states” generated by transformations from the coset G/H =
SU(N + 1)/S[U(1)× U(N)]
||V ||2 =
N∑
a=0
|V a|2 = R2vac (2.5)
4
for any unitary equivalent vacuum vector
|V >=
N∑
a=0
V a|a >, (2.6)
where {|a >}N0 corresponds to some complete set on the finite dimensional space
we start with, and the V a are normalized to a scale parameter Rvac, which controls
the curvature of the Ka¨hler’s projective metric space of state. Then for any unitary
equivalent state vector from H
|Ψ >=
N∑
a=0
Ψa|a >, (2.7)
for which
||Ψ||2 =
N∑
a=0
|Ψa|2 = R2vac (2.8)
one can define coordinates, which we shall call local projective coordinates for example
in the chart U0 (Ψ
0 6= 0)
Π1 = Rvac
Ψ1
Ψ0
, Π2 = Rvac
Ψ2
Ψ0
, ...,Πi = Rvac
Ψi
Ψ0
, ...,ΠN = Rvac
ΨN
Ψ0
, (2.9)
and since, then,
R2vac = ||Ψ||2 = |Ψ0|2(1 +R−2vac
N∑
i=1
|Πi|2), (2.10)
we can choose the phase of Ψ0 shuch that
Ψ0 = λRvac, Ψ
1 = λΠ1,Ψ2 = λΠ2, ...,ΨN = λΠN , (2.11)
where (1 ≤ i ≤ N) and
λ(Rvac,Π) =
Rvac√∑N
s=1 |Πs|2 +R2vac
. (2.12)
Now we can express homogeneous coordinates Ψ in local coordinates Π:
Ψ0 =
R2vac√∑N
s=1 |Πs|2 +R2vac
, ..., Ψi = Πi
Rvac√∑N
s=1 |Πs|2 +R2vac
. (2.13)
It is easy to evaluate (a = 0)
∂Ψ0
∂Πi
= −1
2
R2vacΠ
∗i
(√∑N
s=1 |Πs|2 +R2vac
)3 , ∂Ψ
0
∂Π∗k
= −1
2
R2vacΠ
k
(√∑N
s=1 |Πs|2 +R2vac
)3 (2.14)
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and for other components (a ≥ 1) one has
∂Ψm
∂Πi
= Rvac


δmi√∑N
s=1 |Πs|2 +R2vac
− 1
2
ΠmΠ∗i(√∑N
s=1 |Πs|2 +R2vac
)3

 ,
∂Ψ∗m
∂Π∗k
= Rvac


δmk√∑N
s=1 |Πs|2 +R2vac
− 1
2
Π∗mΠk(√∑N
s=1 |Πs|2 +R2vac
)3

 . (2.15)
Therefore one can express infinitesimal invariant interval in the original Fock Hilbert
space as followes
δL2 = δabδΨ
aδΨ∗b = Gik∗δΠ
iδΠ∗k =
∑
a
∂Ψa
∂Πi
∂Ψ∗a
∂Π∗k
δΠiδΠ∗k. (2.16)
That is the metric tensor of the original flat Hilbert space in the local coordinates Π
is
Gik∗ =
N∑
a=0
∂Ψa
∂Πi
∂Ψ∗a
∂Π∗k
= R2vac
(
∑N
s=1 |Πs|2 +R2vac)δik − 34Π∗iΠk
(
∑N
s=1 |Πs|2 +R2vac)2
. (2.17)
One can evaluate the Poisson brackets of the components Ψa,Ψb
{Ψa,Ψb} = ∂Ψ
a
∂Πi
∂Ψ∗b
∂Π∗i
− ∂Ψ
∗a
∂Π∗i
∂Ψb
∂Πi
(2.18)
in two particular cases; the first one is
{Ψ0,Ψk} = R
3
vac
2(
∑N
s=1 |Πs|2 +R2vac)2
(Πk −Π∗k), (2.19)
and the second one is as follows
{Ψi,Ψk} = R
2
vac
∑N
s=1 |Πs|2
4(
∑N
s=1 |Πs|2 +R2vac)3
(ΠiΠ∗k −Π∗iΠk). (2.20)
It is easy to see that all our expressions are smooth fuctions of the local projective
coordinates. At first sight they have neither connection with spacetime (or momen-
tum) representation which we need for a dynamical description. This representation
one should obtain by the introduction of a dynamical spacetime [11].
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3 Geometrical Bosons
In our description the real deviation from the vacuum state related to rate of the
changing of local vacuum (tangent vector fields). These deviation (deformation) one
can identify with the state vector of some quantum system. In that sense our formal-
ism corresponds on the one hand to Dirac formalism [2] because tangent vectors are
differential operators [14], but on the other hand they are vectors of some tangent
Hilbert space, and correspond to ordinary Schro¨dinger formalism.
Now one can introduce “geometrical bosons” assuming that
[
∂
∂Πk
,Πi]− = δ
i
k. (3.1)
In order to agree the standard Fock representation and the definition of vacuum state
by a holomorphic function Fvac we should introduce the “Hamiltonian” of geometrical
bosons as the tangent vector fields
Ξik(bos) = h¯ωΠ
∗i ∂
∂Π∗k
. (3.2)
Since ∂Fvac
∂Π∗k
= 0 one has:
Ξik(bos)Fvac = 0;
Ξik(bos)Π
∗sFvac = h¯ωΠ
∗iδskFvac;
Ξik(bos)Π
∗s1Π∗s2Fvac = h¯ωΠ
∗i(Π∗s2δs1k +Π
∗s1δs2k )Fvac;
.
.
. (3.3)
One can introduce the function of excitations of different degrees of freedom
F (s1, ..., sN ) = Π
∗s1Π∗s2 ...Π∗sNFvac and the function of a multifold excited degree
of freedom F (s;N ) = (Π∗s)NFvac. It is easy to see that only in very particular case
we have the coinsidence with the equidistant spectrum of harmonic oscillator. These
are
Ξik(bos)F (s; 1) = h¯ωF (s; 1);
Ξik(bos)F (s; 2) = 2h¯ωF (s; 2);
.
.
.
Ξik(bos)F (s;N ) = N h¯ωF (s;N ). (3.4)
Therefore one can think that besides ordinary bosons (e.g. photons) the model of
the “geometrical bosons” containes the different kinds of excitations with a non-
equidistant spectrum. This is the consequence of the multiplete (anisotropic) struc-
ture of an interaction.
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In order to identify such kinds of excitations with real physical fields we should
know whether the character of spacetime propagation or dispersion law of these ge-
ometrical bosons. Self-consistent solution of this problem requires the introduction
of dynamical spacetime on the basis of a quantum setup [11]. Self-consistent here
means that spacetime coordinates are function of the relative quantum amplitudes.
In accordance with this ideology the quantum “internal” degrees of freedom have a
primacy in a comparison with “external” spacetime coordinates of a position. For
simple models of quantum mechanics like oscillator or single electron in the field of a
nucleus we have matrices corresponding to operators of spatial coordinates
xik =
∫
ψ∗i xψkd
3x (3.5)
and we can solve eigenproblem in order to find state vector |xn >. Then it is possible
to introduce a wave function Ψ(x) =< xn|Ψn > which gives us the spatial destribution
of system. These results are based on the method of classical analogy where we have
some the spacetime model of a quantum system (we know what is x). But now we
have to use only geometrical–field model of dynamical process in a quantum state
space and spacetime coordinates should be expressed as functions of pure quantum
dynamical variables, dipole moment of transition, for example [11]. Then one suspects
that our argument Π∗s of F (s;N ) may be identified with the relative amplitude which
has been obtained as a result of the ansatz of “squeezing” described in [11].
The energy variation which associated with infinitesimal gauge transformation of
the local frame with the coefficients of the connection is
δH =
1
µ
δU =
1
µ
AmδΠ
m =
1
µ
δU
δΠm
δΠm = − h¯
µ
Γikmξ
k∂Ψ
a
∂Πi
δΠm|a > . (3.6)
It may be described by the form of the curvature of CP (N)
ωik = Γ
i
kmδΠ
m, (3.7)
for which one has the transformation law of tangent vector fields (boson fields in
paricular case, as well) in a tangent Hilbert space
ξ
′i = U imξ
m (3.8)
and then
ω
′i
k = U
−1i
m ω
m
n U
n
k + δU
−1i
t U
t
k. (3.9)
This local (in CP (N)) non-Abelian gauge field (until now it is a latent field because we
have not a spacetime dependence) at the level of Fourier components which takes the
place of some universal physical field carriering interactions. Dynamical description
of this gauge field requires the “internal” intoduction of spacetime coordinates in pure
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quantum manner. It looks like Wilczek–Zee gauge potential [15] but it has, of course,
different physical meaning. The physical status of this interaction is subjected to our
study.
One of the important case of linear transformations in tangent space is tranforma-
tion defined by the tensor of the curvature of Jacobi K~ξ(
~J) = R(~ξ, ~J)~ξ : TΠCP (N)→
TΠCP (N) [16]. This is defined by the sectional curvature in 2-direction between tan-
gent vector ~ξ to a geodesic and the transversal Jacobi vector field ~J . It has already
been emphasized [12] that gauge transformations connected with variation (rotation)
of geodesics as whole. They are generated by transformations from the isotropy
group of the vacuum state H = U(1)×U(N). This geodesic variation (as well as any
geodesic variation) may be described by the Jacobi vector field. The equation for this
vector field has in the case CP (N) very simple form since CP (N) is homogeneous
(and even symmetric) space
d2Ji
ds2
+ κiJi = 0, (3.10)
and very simple oscillation solutions
Ji = ci sin
√
κis. (3.11)
We will use affine arclength parametrization ds = E
h¯
dt. Then one can rewrite (3.10)
if ∂E
∂t
= ∂E
∂s
= 0 as follows
d2Ji
ds2
=
h¯2
E2
d2Ji
dt2
= −κiJi. (3.12)
That is in the natural parametrization the sectional curvature is defind by the formula
κi =
h¯2ω2i
E2
(3.13)
and one see that we have automatic (geometrical) quantization of the gauge field
connected with the geodesic variation. It means that Jacobi field takes the place
of the oscillators of gauge fields and the sectional curvature plays the role
of “mass” of these oscillators.
The general properties of the Jacobi equation gives us a possibility to study chaotic
behavior in quantum area in the spirit of work [17].
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